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Abstract. 

In this paper, which is the second one in a series of two papers, we shall present two 
more solutions, non-minimal ones, for the Z% parafermionic chiral algebra with = 
= 8/3, ip(z), ip + (z) being the principal parafermionic fields. 



1 Introduction of the chiral algebra. 



Our methods of searching for associative chiral algebras, of parafermionic type, have been 
presented in much detail in the previous paper [1]. For this reason the presentation in 
the present paper will be much less detailed. 

The parafermionic algebras, which we are going to describe in this paper, are closed 
by the following (chiral) fields: 

fa), ^ + (z), fa), 4> + (z), U(z), B(z), W(z) (1.1) 

having the dimensions : 

8 . . . 14 

A^ = A^ = -, A^ = A^ + =A v , + 2 = y , 

A^ = 3, A B = 4, A w = 5 (1.2) 
Their operator product expansions (OPE) are of the form : 

^ = \[fa+([fa (1.3) 

^+ = [I] + a [U\ + >y[B] + 5[W] (1.4) 

W = (ty+]+r 1 ty + ] (1.5) 

iP+j, = k[U] + n[B] + v[W] (1.6) 

^ = v ty + ] + ~\ty + ] (1.7) 

fa+ = [I] + a[U\ + j[B] + <S[W] (1.8) 

iPU = -aty] + nty] (1.9) 

V>£ = 7 [v>] + /#] (1.10) 

^ = -sty] + v ty] (1.11) 

^[/ = K ty] - a ty] (1.12) 

^5 = /#]+#] (1-13) 

^W = i/[^]-5[^] (1.14) 



UU = [I] + a[B] (1.15) 

UB = a[U]+e[W] (1.16) 

UW = e[B] (1.17) 

B£=[I]+6[.B] (1.18) 

= e[l7] + (1.19) 

W=[/]+d[B] (1.20) 

In the equations above, represents the Virasoro algebra series of and similarly 
for other operators in the r.h.s. of (jl.3p - (11.20p . We are using the same notations as in 

[1]- 

In order to give examples, the compact forms of the OPEs in f ll.3p -f lTTB]) should be 
viewed, explicitly, as follows : 

+(z' - zf{\^ + ■ 8^ + (z) + X(3^ + ■ L. 2 ^(z) + tf+(z)) + ...} (1.21) 

1 9 A 

[z' — z) * c 

+f z ?- z )3.f*±dT(z)+a-U(z)) 
c 

+(z' - zf ■ tfWj ■ d 2 T(z) + ^ ■ A(z) + apU +iU ■ dU(z) + 7 • B(z)) 

+(^-,) 5 (C^^)+^ A ^) 

+^l, V 9 2 U(z) + a^l +jU ■ L_ 2 U(z) 

+7/^+ B ■ 9B(z) + 5 ■ W{z)) + ...} (1.22) 

mm = 7^a-{C^ + (^) + (z' - z)C^ + ■ d^(z) 

+ (z' - zf{C^ + d 2 ^{z) + C^ + L-^ + (z) + ri + (z)) + ...} (1.23) 
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V> + (*')^) = {z ,_ z)2A ^ U{z) + (z> - z)W$i tU ■ OU{z) + nB{z)) 

+{z' - zf^l^ ■ c?U{z) + K^ tU L_ 2 U{z) 

+fi ^ B dB(z) + uW(z)) + ...} (1.24) 

As has been explained in [1], for the algebra with the conformal dimensions of the 
principal parafermionic fields = 8/3, we have to make explicit the expansions in the 
Z 3 neutral sector up to level 5, and up to level 2 in the Z 3 charged sector, cf. ( I1.2ip -f fl~2"4"|) . 

Alternatively, the operator algebra constants in (ll.3p -( ll~2"Uj) can be defined by the 
3-point functions as follows : 

< ipipip >= A, < rpipi/j >= (, < ipipip >= r], < ipipip >= A, 

< vpijj + U >= a, < vpijj + B >= 7, < 4)ijj + W >= 5, 

< ip + ijjU >= k, < i/j + ipB >= /i, < ip + tjjW >= 

< tjj'ijj+U >= a, < ijj^B >= 7, < tjjip + W >= 5, 

< BUU >= a, < BBB >= b, < WWB >= d, < WBU >= e (1.25) 

Here < ipi/iip >=< ip(oo)ip(l)ip(0) >, etc. . 

We observe that the bosonic operators U and W, with the odd conformal dimensions, 
have to be odd with respect to the Z 3 conjugation : 

U+ = -U, W + = -W (1.26) 

while B, with dimension 4, have to be even : 

B + = B (1.27) 

This follows from the OPE (11.221) : if we continue analytically ip + {z) around ip{z'), 
tfj(z')tp + (z) — > ip + (z)ip(z'), the l.h.s. takes the form of the initial product Z% conjugated, 
while in the r.h.s. the terms ~ U, W will change their signs (the phase factors in front, 
in the l.h.s. and the r.h.s., are assumed to compensate each other [1]). 
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E.g. this implies that, from < ipip + U >= a, eq. fll.25p . by the Z 3 conjugation, one 
obtains 

< i) + i)U >= -a (1.28) 
while, from < ipif) + B >= 7, one finds that 

<ip + ipB>=j (1.29) 

This implies also that the signs will change, e.g. in (JL22]), of the terms ~ a, 5, if we 
develop the product ip + (z')ip(z) instead of ip(z')ip + (z). 

Similarly, the signs of terms ~ n, v in fll.24p will change under the Z% conjugation, 
giving the decomposition of the product ip(z')ip + (z). 

The odd nature of U and W implies also that < UUU >= 0, < WWW >= 0, 
< BBU >= 0, and so on, thus reducing considerably the number of purely bosonic 
constants. 

As has already been stated in [1], for the chiral algebra fll.3ft - fll.20p . of the chiral 
fields in (11. ip . we have found two different solutions of the associativity constraints : 
two different sets of values for the constants fll.25p . with the central charge staying 
unconstrained, remain a free parameter. These solutions will be presented in the next 
Section, together with some indications to the methods that we have used for their 
derivations. 

2 Determination of the operator algebra constants. 

The method, which uses the analysis of triple products, has been described in detail in 
[1]. Like in [1] we start with the "light" triple products and we proceed to the "heavier" 
ones, heavier in terms of the values of dimensions of the fields in the product. Saying it 
differently, we start with the principal fields, ip, tp + (which generate the whole algebra) 
and proceed by including the secondary fields, ip, U, B, W. Eventually, the products 
which includes too many of secondary fields (become too heavy), they become irrelevant, 
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in the sense that they do not produce equations on operator algebra constants. So that 
there is a limited number of triple products which have to analyzed. 

We proceed like in [1] and we get the triple products, that follow, which produce 
equations en the constants (11.251) . 

1. ->• ip; < ip + ipipip + > (2.1) 

3 equations, 

1.1: « 2 ,C 2 ,A! (2.2) 

1.2: a 2 ,C 2 ,A 2 ,7! (2.3) 

1.3: a 2 ,C 2 ,A 2 , 7 2 ,£ (2.4) 

Above, in (12.11) . we indicate the channel that we have looked at, in the expansion of the 
triple product, and the corresponding to that channel 4-point function. 

The resulting equations are listed in the Appendix A and in the Appendix B we give 
an example of their derivation. 

In (l2.2HI2.4j) we give our numeration of the equations (of the Appendix A); we also 
indicate the constants which enter the corresponding equations. This will allow us to 
describe the procedure which we have followed to determine all the constants. For that 
purpose, we also underline particular constants in (J2T2J) - (J2T4J) . Those are the constants 
which will be determined by the corresponding equation. We shall make it more precise 
further down. 

2. ipip^ + d 2 ?p, L-2?P, 4>; < ip + ijjipi> + >, < tjj + -ip^ + > (2.5) 

3 equations, 

2.1: A, C, V, «> 7, 8, «> A*, v (2.6) 
2.2: A,C,r/,«,7,5,K,/i,z/ (2.7) 

2.3: A,C,??,A,«: 2 ,/!V (2-8) 
3. ^tp -» d 3 T, dA, d 2 U, L_ 2 U, dB, W; < Uipipip >, < Bipipif) >, < Wipipip > (2.9) 
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3 equations, 

(2.10) 



3.1 : C, A, a, k 

3.2: C,Kl,(± 
3.3: C,\,6,i/ 

4. W+U -» <9 3 T, gA, <9 2 rj, L_ 2 E7, dB, W; < U^ + U >, < B^ + U >, < 
5 equations, 

4.1 : a, 5, 7, a, e 

4.2 : a 2 , 7, k 2 , a 

4.3 : a 2 ,7, K 2 ,a 
4.4. : a, 7, <5, «, /x, a, e 

4.5 : a,j,S,K,v,e 

5. -» <9 3 T, gA, d 2 U, L_ 2 U, dB, W; < U^ + B >, < B^ + B >, < W^ + B 
4 equations, 

5.1 : a, 7, 5, k, /i, a, e 



2.11) 
2.12) 

> 

2.13) 

2.14) 
2.15) 
2.16) 
2.17) 
2.18) 
> 

2.19) 



2.20) 
2.21) 
2.22) 
2.23) 



5.2 : a, 7, 5, k, /i, a, e 

5.3: 7,^,6 

5.4. : a, 7, <5, /i, z/, 0?, e 

6. -»■ <9 3 T, gA, <9 2 /7, L_ 2 /7, gg, W; < U^ + W >, < B^ + W >, < > 

(2.24) 

1 equation is produced, corresponding to the projection ipip + W — > dB; this equation is 
identical to the eq.5.4 above. 

7. j) + j)U -» g 3 T, gA, <9 2 /7, L_ 2 /7, gg, Wj < Ui/j + ^U >, < 5^/7 >, < Wip+^U > 

(2.25) 
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3 equations, 

7.1 : a, k, /i, a, a 
7.2: a, 7, k, /i, z/, a, e, a, 7 
7.3 : a, 5, k, /z, z/, e, a, 5 
8. j^/j -» <9 3 T, gA, g 2 /7, L_ 2 /7, gg, Wj < 17^^ >, < >, < > 

4 equations, 

8.1 : a, C, A, 77, a 

8.2 : a, (, A, r], k, a 
8-3: C, A, 7, 77, 7 
8.4.: C,M,77,M 

5 equations, 

9.1: a, C, 5, A, 7, k, v 

9.2: a, £, 5, A, 77, 7, «, v 

9.3: a, C, 5, A, 77, 7, k, /x, v 
9.4.: a,C,5,7, z/,a,7,5 
9.5: a, C, <5, 7> »7> «> «> 7> * 



Still there remain the following triple products which are relevant: 

10. j)j)U ^ d 2 j) + ,L^ + ^ + - < ^tytyU >, < ^i)U > (2.40) 

11. 'j)j)B -> d 2 jj + ,L_ 2 jj + ,^ + ; < ijnfnpB >, < ^ipipB > (2.41) 
12. jnjAV -» g 2 ^+,L_ 2 ^ + ,^+; < ^^/W >, < > (2-42) 
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By looking at the corresponding 4-point functions, one could see that, with respect to 
equations that they will produce, (ET30j) - (|212j) are equivalent (J2U1) and (jOSJ). 

13. ijnjkj ->■ g 2 ^+,L_ 2 ^+,?/i + ; < >, < ^^f/ > (2.43) 

3 equations, 

13.1: a,C,X,rj,K,a (2.44) 

13.2: a, C, A, ?7, k, a (2.45) 

13.3: a, 77, re, A, 5 (2.46) 

This product will be analyzed later, after the calculation of the constants. We shall 
examine it, in some detail, in the Appendix B, as an example for deriving equations. 

14. ipUU -» gVvL_2Vv0j < ip + ipUU >, < 4> + ipUU > (2.47) 

By the corresponding 4-point functions, the equations produced by this product should 
be equivalent to certain equations produced by the products 4 and 7. 

15. UUU -» U,W; < UUUU >, < WUUU > (2.48) 

The equations produced by this product are verified in a trivial way, for all values of the 
constants a and e which appear for this product. The corresponding 4 point correlation 
functions must be too simple in this case. 

16. ipUB -> d 2 ip,L_ 2 ?p,4>; < i) + i)UB >, < ^[75 > (2.49) 

Equivalent, by their 4-point functions, to the products 4 and 7 (to their particular equa- 
tions) . 

17. j)UW -> d 2 jj, L 2 jj, < jj+ijjUW >, < iP+jjUW > (2.50) 
The same as for the product 16 above. 

18. UUB ^B;< BUUB > (2.51) 
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1 equation, 



18.1 : a, b, e 



(2.52) 



19. UUij) d 2 i\), L_ 2 ^, V; < ^ + UUtp >, < ip + UUip > 



(2.53) 



20. UUW ^U,W;< UUUW >, < WUUW > 



(2.54) 



The products 19, 20 do not produce equations. Products 18, 19, 20 are at the edge 
between the products of type 1, which produce equations, and those of type 2 which do 
not produce equations on the constants ("being too heavy"), but for which all the matrix 
elements, needed to calculate the corresponding 4-point functions, get determined by the 
commutation relations, cf.[l]. 

It happens that the product 18 is on one side of the edge and the products 19, 20 find 
themselves on the other side. 

To determine the values of the constants we have proceeded as follows. 

First we have defined A from (I2.2p . as a function of a and (, X(a,()- We have 
substituted it into (12. 3p and we have defined 7, as a function of a and (, 7(0, (). Next, 
putting A(a,C) and 7(0;, () into (12 .4p we have defined 5(a,Q- 

Proceeding in a similar way, we have defined K(a,(), M^C); v { a i C) from the equa- 
tions (I2.10p -( l2.12p . We remind that all these equations are available in the Appendix 



Further down, from (12 .6p we have determined r](a, (). With this value of rj, and 
the values of the other constants, eq. (l2.7p gets satisfied, while eq. (l2.8p allows to define 



Next, fl2TT5|) defines a(a,(), d2TT4j) then defines e(a,C), and equations fl2T22|) . fl2T23|) 
define b(a,b) and d(a, £). 



A. 



A(«,C). 
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Finally, with the equations (I2.30p . (I2.32p . (I2.33|) we have defined a(a,(), 7(«,C)> 
5(a,C). 

In this way we have determined 15 constants, out of a total 17, as functions of a and 
(. It remains then to define a and (, as functions of c, the central charge. There are 
many ways to do it. In the set of equations that we have obtained (listed above and in the 
Appendix A) there are still many that we haven't used. Finally, we did the calculations 
as follows. 

We have substituted 7(0, (), n(a, (), a(a, () into the equation (12.161) (equation num- 
ber 4.3, in the Appendix A). This gave us an equation en a, (. Solving it we have defined 
C as a function of a, ((a). 

Next we have chosen eq. fl2.18l) (equation number 4.5), to substitute all the constants, 
which are functions of a,(, and substitute also C( a ); j us t defined. This gave us an 
equation en a. Solving it, we have defined a. 

One gets actually four values of a which are solutions of the last equation. 

As has been said above, there many ways to proceed with the above calculation. This 
is because the number of equations is bigger than the number of constants. 

The final results have to be the same, if the solution exist, but the intermediate 
expressions might be very different in their complexity. For example, the equation (12.161) 
has been chosen, after many attempts, because it gave the simplest expression of ((a). 
Similarly for the choice of the equation (12.181) . to define a. 

The intermediate expressions are rather long, at least some of them, when the con- 
stants are defined first as functions of a, (. It is not reasonable to provide all of them. 
The final expressions are much simpler. For this reason we shall give just one inter- 
mediate formula, that for ((a), solution of the equation (I2.16p . To reproduce all the 
preceding formulas, for constants as functions of a, (, is straightforward in fact, having 
the equations and the indications that we have given above. 

We observe also that all our calculations have been done with Mathematica. 
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We have obtained the following formula for ((a) : 

H . y/-a 2 (272 + llc) 2 (-2688 + (-32 + 81a 2 )c) 
C[a) = _ . = (2.55) 

a/2\/(784 + 57c) (7424 + c(-64 + 81a 2 (46 + c))) 



After that, we have found the following four allowed values of a : 



4 >- /84 + c , 
a 2 = - >ftJ — (2.57) 



2 / 18656 - 504c - 11c 2 + 272 + 11c ^4096 + -1168 + c c 

«3 = — t=\ tz \ — (2.55 

9VT3V c(7 + c) 



2 / 18656 - 504c - 11c 2 - (272 + 11c) ^4096 + (-1168 + c)c 

a4 = 57nv WT7 } (2 ' 59) 

Substituting back, one after another, the four values of a in (I2.56[) - (I2.59j) into the ex- 
pression (I2.55P we get four allowed values of (. Putting them back into the expressions 
of 15 other constants we should obtain four different solutions for the chiral algebra. 

In fact, the solution with in (I2.57p . is pathological. For this value of a, the 
constant ( is zero, and A is also zero, which doesn't make it look like a parafermionique 
algebra. While some other constants are infinite. So it has to be discarded. 

The solution with a 4 is obtained from the solution with by the analytic continuation 
in c. We shall explain this last equivalence slightly below. 

So that, in fact, we have two independent solutions, for the constants of the parafermionic 
algebra. One is generated by a = a%, (I2.56p . and another one corresponding to a = a%, 

(USED. 



Resuming, we have obtained two sets of values of the constants, given below, for the 
two solutions for a. We shall call them Solution 2 and Solution 3, assuming that the 
Solution 1 has been obtained in [2,1]. We shall denote them, symbolically as Z^ A \ Z^' 2 ^ 
Z^' 3 ^ parafermionic algebras. 



Here, again for the notations, we mean by Z^ the usual Z3 parafermionic algebra of 
[3], of the 3 states Potts model, having = 2/3. 
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By Z\ ' we mean the parafermionic algebra of [4] , of the tricritical Potts model (plus 
an infinite set of minimal models), having Ay = 4/3. 

Our solution for the Z 3 symmetric parafermions, we count it as the third one because 
it corresponds to the third value of Ay,, Ay, = 8/3, allowed by the Z 3 symmetry and the 
associativity constraints. In fact, we have found three algebras for Ay, = 8/3. So we shall 
denote them as zf' l \ zf' 2 \ zf' z \ in the symbolic classification suggested above. In any 
case, as there are several Z 3 parafermionic algebras, they have to be called somehow, to 
distinguish them. 



The algebras Z\ ' ' and Z\ ' ' correspond to the two sets of values of the constants 
which follow. 

Solution 2. 



° i — 
a — Oi\ — i-vlO 



56 + c 



9 V c(72 + c) 



4V10 / (272 + llc)(56 + c)(112 + c) 
^ ~ 9 V c(72 + c)(784 + 57c) 



_ 2vg(U2 + c) 
9v/c(72 + c) 



_ .2 5 /(46 + c)(56 + c)(272 + 11c) 
7 ~ t 9 \ 3 V c(72 + c)(22 + 5c) 



27 V c(72 + c)(114 + 7c) 



r- / (112 + c)(272 + llc) 
" "' V " :;i/ c(72 + c)(784 + 57c) 



8 /(li2 + c)(22 + 5c)(46 + c) 
^ " ~37IV c(72 + c)(784 + 57c) 

i/ = i-VU(Q9 + 2c) 



(46 + c)(112 + c) 



c(72 + c)(114 + 7c) (784 + 57c) 
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.y/2 (112 + c)(3584 + 107c) 

V — — z— : 2.68) 

9 v / c (72 + c)(784 + 57c) 

r 8 /2 (-33341952 + c(569296 + c(127865 + 2077c)))v / TT2Tc 

X — —\ (2.69) 

9 V 5 ^(56 + c)(72 + c)(272 + 11c) (784 + 57c) 3 / 2 

u 5V c(72 + c)(22 + 5c)(56 + c) v 7 




(72 + c)(22 + 5c) 
c(56 + c)(114 + 7c) 



(2.71) 



. /3 -748288 + c(10576 + c(718 + 5c)) , n _ 

o = —i\ - — , = (2.72) 

V 5 ^/ c (46 + c )(56 + c)(72 + c)(22 + 5c) (272 + 11c) 

d _i [S (2799552 + c(338980 + 7c(1396 + 15c))) ^(72 + c) 
" ~ 2 V 5 (114 + 7c)y/c{22 + 5c) (46 + c)(56 + c)(272 + 11c) 

_,_ .2 /2 2153984 + c(96736 + 1317c) 
2 9 V 5 (784 + 57c) ^/c(56 + c) (72 + c) 

i (738934784 + c(94531968 + c(2267608+ 1591 5c))) V46Tc 

7 = = . (2.75) 

18VTE (784 + 57c) v/c(56 + c)(72 + c)(22 + 5c) (272 + 11c) 

~ V7 (359661568 + c(14415744 + c(67928 + 249c))) v / 46Tc 

6 = = =- (2.76) 

27^ (784 + 57c) ^(56 + c)(72 + c)(114 + 7c) (272 + 11c) 



Solution 3. 



c = 584- 36(1/w + 65m) (2.77) 

With this parameterization for the central charge we have found the following expressions 
for the constants : 



4 f- \ u 8 -45m 6 -55m 

a = a 3 = -V2\ K —— ^— — - (2.76 

9 V 1- 9m 3 -20m 9 -65m v 



0:3, as a function of c, is given in (12. 58ft ; 



2 (1 - 7m) (1 - 11m)(1 - 15m)(8 - 45n)(6 - 55n)(ll - 65u) 

^ \l 3V (1-9m)(1- 10m)(3-20m)(9-65m)(513 + m(-8518 + 33345m)) l ' ' 
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A = ^ - (1-7«)(1-15«) 

3 ^/(l - 9m) (1 - 10m) (3 - 20m) (9 - 65m) 

_ ; -m(1 - 11m)(8-45m)(7-50m)(6-55m)(11 -65m) 
~ 3 y (1 - 9m)(1 - 10m)(3 - 20m)(9 - 65m)(90 + m(-1471 + 5850m)) ( ' ' 

2y/2 I (2 - 9m) (1 - 11m) (7 - 50m) (6 - 55m) (11 - 65m) (6 - 65m) 
~ 373V (1 - 9m)(1 - 10m)(3 - 20m)(9 - 65m)(126 + m(-2101 + 8190m)) ^' ' 



K _ 6v /7F / u ( l ~ lu )( l ~ llu )( l - 15m)(11 - 65m) 

h ~ } V Ul (1 - 9m)(3 - 20m)(9 - 65m)(513 + m(-8518 + 33345m)) 



(2.83) 



_ 2 10 / -m(1-7m)(1-15m)(7-50m)(90 + m(-1471 + 5850m)) 
^~ V Ty (1 - 9m)(1 - 10m)(3 - 20m)(9 - 65m)(513 + m(-8518 + 33345m)) ^ ' ' 

2 9 - 104m 

v = — v 5- 



3 y/(126 + m(-2101 + 8190m))(513 + m(-8518 + 33345m)) 

;i - 7m) (2 - 9m) (1 - 15m) (8 - 45m) (7 - 50m) (6 - 65m) 
(1 - 9m) (1 - 10m) (3 - 20m) (9 - 65m) 



(2.85) 



y/E (1 - 15m)(63 + m(1093 + 13m(-2027 + 8055m))) 

~ 3 (513 + m(-8518 + 33345m)) ^(1 - 9m)(1 - 10m)(3 - 20m)(9 - 65m) 

A = -J- - 1 (109674 + u( -3314115 + m(22473956 

3 V 3 ^(513 + m(-8518 + 33345m)) 3 

-5m(-53704702 + 9m(106576358 + 195m(-2904347 + 5325840m)))))) 

(1-7m)(1-15m) 

[1 - 9m)(1 - 10m)(1 - 11m)(3 - 20m)(8 - 45m)(6 - 55m)(11 - 65m)(9 - 65m) 1 ' 1 

(2 - 15m) 



-27' 



v/90 + m(- 1471 + 5850m) 



-m(1 - 10m)(1 - 11m)(11 - 65m)(7 - 50m) 



;i - 9m) (3 - 20m) (8 - 45m) (6 - 55m) (9 - 65m) 

r : ( 2 - 9m)(6 - 65m)(-90 + m(1471 - 5850m)) 

° W " 9m)(3-20m)(6-55m)(9-65m)(126 + m(-2101 + 8190m)) l ' ' 
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_ 2232 + m(-100286 - 25m(-70071 + m(598174 + 15m(-166949 + 274950m)))) 
v/(90 + m(-1471 + 5850m))(9 - 65m)(11 - 65m) 

1 - 9u)(l - 10u)(l - llu)(3 - 20m)(8 - 45m)(7 - 50m)(6 - 55m) v ' ; 

d = 5 ; =(15876 + m(-753552 

(252 + 2u(-2101 + 8190m)) ^90 + m(-1471 + 5850m) 

+m(14595751 + 5m(-29412042 + 13m(12431707 + 780m(-44861 + 49725m)))))) 

-^( 8 - 45m ) (2 91) 

1 - 9u)(l - 10u)(l - 11m)(3 - 20m)(7 - 50m)(6 - 55m)(11 - 65m)(9 - 65m) v ' ; 

5^2 (-26082 + 5m(165057 + u(-1921681 + 9m(1087867 - 2055105m)))) 



a = 



513 + m(-8518 + 33345m) 



M 



1 - 9m)(3 - 20m) (8 - 45m) (6 - 55m) (9 - 65m) 



(2.92) 



7 



6(513 + m(-8518 + 33345m)) ^90 + m(-1471 + 5850m) 
(987228 + m(-47367636 + m(922291173 + 5m(-1866361932 

+5m(2071661726 + 585m(-10238704 + 12079665m)))))) 

~< 7 ~ 50m ) (2 93) 

1 - 9m)(1 - 10m)(1 - 11m)(3 - 20m)(8 - 45m)(6 - 55m)(11 - 65m)(9 - 65m) v ' ; 



6 = — ^ 1 . =(-69174 

3\/6 (513 + m(-8518 + 33345m)) ^126 + m(-2101 + 8190m) 

+m(3206463 + m(-58118544 + 65m(7934262 + 5m(-6909362 + 11844495m))))) 

(2-9m)(7-50m)(6-65m) 

(1-9m)(1-10m)(1-11m)(3-20m)(6-55m)(11-65m)(9-65m) l ' ' 



Several remarks are in order. 

I. The Solution 2 is explicitly non-unitary. For positive values of the central charge 
c, some of the constants are imaginary which contradicts unitarity. 
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We remind that in our calculations we have always assumed the two-point functions of 
operators to be normalized by 1, < (0) >= 1, etc. . So that non-unitarity shows 

itself not in the negative norms of the operators but in the negative values of squares of 
certain operator algebra constants. 

Turning it differently, one can check that by the redefinition of operators : 

■0 —> it/}, ip + — > —iip + , 
ip — > -0, ip + — > ip + 
U -+iU,B -+iB,W (2.95) 

all operator algebra constants could be made real. But in this case the two-point functions 
of U, B will become negative, positivity of the norms of the operators will be lost. 

2. We assume again that all the two-point functions of the operators ip, V' 4 \ V*! 
U, B, W (forming the chiral algebra) are normalized by 1. Still, in the definition of the 
operator algebra constants, in their values, there remains a liberty, a place for a choice. 

It is easy to check that by changing the signs of the operators we could change the 
signs of several constants (cf. eq. fll.25|) ) : 

ip — > and ip + — > change the sign of A ; 

U — > —U change the sign of a ; 

B — >■ —B change the sign of 7 ; 

W — >■ —W change the sign of S ; 

ip — > —ip and ip + — > —ip + change the sign of ( ; 

In fact, in the equations of associativity, those which define the values of these five 
constants, they enter as squares. As a consequence there is a choice of sign for the 
solutions, for their values. We did made a choice, by taking a particular sign for each of 
them. In case of explicitly real valued expressions (for c > 0) we have been taking them 
to be positive. 

Once the signs of these five constants have been chosen, the rest of the constants get 
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defined in a unique way. 

3. In the case of the solution 3, equations fl2.78p -f l2.94p . a particular parameterization 
of the central charge have been used. 

In the initial parameterization, by c, the expression for a = a^, eq.f l2.58p . contains on 
"internal" square root expression, which we shall denote as h : 

h = ^4096 + (-1168c + cjc = ^(c 2 - c)(ci - c) (2.96) 

where 

c x = 8(73-9^65), 02 = 8(73 + 9^) (2.97) 

The numbers C\ and c 2 are both positive. 

a = «3 generates the solution 3, so that the values of all the constants will contain this 
internal square root, eq.( l2.96j) . The expressions for the values of the constants become 
very long and complicated, for some of them, if the parameterization by c is used. 

Additional observation, which justifies the parameterization that we have used finally, 
was that for 

< c < d (2.98) 

(ci is defined in ( 12. 97ft ) all the constants are finite and real. (Some of them are divergent 
when c — > 0). The constants become complex for 

c 1 <c<c 2 (2.99) 

and again real for 

c> c 2 (2.100) 

By analogy with the representations of the Virasoro algebra, where the first interval, 
containing unitary series, is 

0<c<l (2.101) 

the second interval is 1 < c < 25 and the third one is c > 25, we thought that most 
relevant, for the present parafermionic algebra (Z^' 3 \ Solution 3) might the interval 
(ESHD- 
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So we have looked for the parameterization of c which is natural for the interval 
< c < Ci and for which the "internal" square root (the expression h, eq. fl2.96p ) become 
"uniform", the internal square root would disappear. 

It might be taken in the form : 

i \ 

c = a- 36y/65(w - 2 + -) = 584 - 3QVG5(w + -) (2.102) 

w w 

where w varies from 1 and 9/ \/Q5 when c varies from c\ to 0. Symbolically : 

9 



w : 1 — >■ 



In this parameterization 



'65 

c : d (2.103) 



h = 3QV65(w - -) (2.104) 
w 



and a = a 3 , eq fl2.58|) . takes the form : 



4/2 w(2496v / 65 + w(-61256 + 7518v / 65w- 19305w 2 )) , n * nr .^ 

a = -\ — \ = = (2.105) 

9 V 13 y 7020 + ^(-3525^ + w(42802 - 3525^^ + 7020w 2 )) 

Otherwise, the expressions become simpler if we change w for u : 

w = uV65 (2.106) 

In this case 

c = 584 - 36(65w + -) (2.107) 
u 

1 9 
U '- 71^65' 

c : ci -»■ (2.108) 

/i = 36(65w--) (2.109) 
u 

and a takes the form in (12.781) . We have preferred the parameterization by u, equations 
(I2.78p -( l2.94p . just because the expressions for constants become simpler. 

4. Finally we observe that the Solution 4, generated by a = a 4 in ( I2.59p . is obtained 
from the Solution 3 either by the analytic continuation of c (in the complex plane of c) 
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around c\, under which h —> —h, cf. eg. (12. 96 p . or, in the parameterization w, by the 
transformation 

«>-»•- (2.110) 
w 

or, in the parameterization u, by 

Under the transformations (I2.110l) . (l2.11ip the central charge is symmetric, equations 
fl2~T02j) . (I27TU71) . while h is anti symmetric, equations fl2TT0lj) . fT2~T09|) . 



3 Classification of triple products and conclusions. 

Like in [1] , after the actual calculation of the constants, in the preceding section, we shall 
present the general classification of the triple products, in an attempt to try to clarify a 
little bit more our method of the associativity calculations, for the present algebra. 

Similarly to [1], we shall use the following classification of the chiral fields : ?/>, xp, U, B, W. 

We shall call light (1) the fields 

U_ we shall call semi-light (1'); 



and we shall call heavy (h) the fields ip, B, W. 

With this classification of the fields, the relevant, or type 1, triple products, the 
products which produce equations on the constants, are those which belong to the classes 



(I, /, /), {I, I, I'), (I, IT), (/TO, (l, l, h), (l, l', h), (/', h) (3.1) 

They are the products which we have already seen in the previous section. 
In more detail, 

(/, I, I) : ipipip, product 3 

ipipip + , product 1 (3.2) 
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(/, /, /') : tptpU, product 10 

ifn/) + U, product 4 (3.3) 

{I, I', I') : ipUU, product 14 (3.4) 

(/', I', I') : UUU, product 15 (3.5) 



(I, I, h) : ipipip, product 8 
ipipip + , product 2 

ipipB, product 11 

ipipW, product 12 
ip?p + ip, product 9 
ipip + B, product 5 

ipip + W, product 6 (3.6) 

{l,l',h): ipUip, product 13 

ipUip + , product 7 

ipUB, product 16 

ipUW, product 17 (3.7) 

(l',V,h) : UUip, product 19 
UUB, product 18 

UUW, product 20 (3.8) 

The products in the classes 

(l,h,h),(l',h,h),(h,h,h) (3.9) 

like tp + ^pB, ip-ipB, tpipW, etc., they are all irrelevant, in the sense that they do not produce 
equations on the operator algebra constants. 
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To summarize, the complete set of associativity constraints, for the present algebra, 
is given by the set of equations produced by products (I3.2l) - (l3.8p . These equations are 
listed in the Appendix A. 

To determine the operator algebra constants, Solution 2 and Solution 3, we have 
used, as it has been described in the Section 2, a subset of those equations. Finally we 
have verified that all the remaining equations are satisfied, by the values of the constants 
found : fl2T60D - fl2T76l) . Solution 2, (jgTTgP - flgHD , Solution 3. This constitute the full proof 
of associativity of the algebras zf' 2 ^ and Z^ 3 ' 3 ^ presented in this paper. 

As has already been stated in [1], the solutions that we have found in [2,1] and in the 
present paper, the algebras Z^ 3A \ Z^' 2 \ Z^^\ they constitute the full set of solutions, 
of the associativity constraints. 

Saying it differently, we claim that there could be no more Z 3 parafermionic algebras, 
with the dimension of the principal parafermionic fields = 8/3, and having the central 
charge c unconstrained, remaining a free parameter. 

The problem of representations of these algebras, unitary or not, - the problem of 
physical applications, in the physicist language, this problem remains open. 



A Equations on the operator algebra constants. 

The numeration of equations in this Appendix is that adopted in Section 2. It follows the 
numeration of relevant triple products (products of the first type), considered in Section 
2 (cf. the classification in Section 3). 

eql.l 

— _ 32(84 + c) 8(-116 + c)A' 

81c s 784 + 57c v ; 

eql.2 

11a 2 4(63168 + c(6926 + 145c)) >2 2 (1712 + 49c)A 2 n , . * 

h— r s — — C +7 — — =0 (A. 2) 

6 243c(22 + 5c) s ' 784 + 57c v ' 
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eql.3 

_ a 2 (7414 + 307c) 4(333760 + c(23886 + 1025c)) 
~ 18(114 + 7c) + 729c(22 + 5c) 

7 7 2 (3280 + 163c)A 2 
d C + 3 784 + 57c "° (AJ) 

eq2.1 

18(114 + 7c)C(H(-6272 + 1896c + 171c 2 )r7 - 2(158816 - 9052c + 15c 2 )A) 

= (784 + 57c)(4a(-93568 + 36668c + 1851c 2 )/t 
+3(114 + 7c)((-1112 + 201c)7^ + 3(-584 + 3c)5u)) (A.4) 

eq2.2 

6(114 + 7c)C(13(784 + 57c)?? + 2(9492 + 191c)A) 
= (784 + 57c)(4a(4168 + 159c) k + 3(114 + 7c)(3l7/i + 155v)) (A.5) 

eq2.3 

8(424928 + 41086c + 741c 2 )/t 2 
+3(114 + 7c)(6(784 + 57c)(A - 48(-202 + c)r]X - (784 + 57c)(11/j 2 - Qu 2 )) = (A.6) 

eq3.1 

(-784 - 57c)C/t + 9a(272 + 11c) A = (A.7) 

eq3.2 

24(22 + 5c) 7 A - (784 + 57c)C/j = (A.8) 

eq3.3 

24(69 + 2c)5X - (784 + 57c)(v = (A.9) 

eq4.1 

4aa(-434 + 3c) - 3(114 + 7c)(4<5e - 9«7) = (A.10) 
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eq4.2 

c(-5504(11986 + 399c) + 81a 2 (22 + 5c)(17808 + c(3793 + 132c)) 
-24a(22 + 5c) (48 + 5c) (784 + 57c)7 + 12(-42 + c)(22 + 5c) (784 + 57c)/t 2 ) 

= 491925504 (A.ll) 

eq4.3 

c(405a 2 (22 + 5c)(2256 + 53c) - 5504(11986 + 399c) 
-624a(22 + 5c)(784 + 57c) 7 + 544(22 + 5c)(784 + 57c)/t 2 ) = 491925504 (A.12) 

eq4.4 

16aa(137 + c)(784 + 57c) + (114 + 7c) (12(784 + 57c)5e 

-27«(848 + 49c) 7 + 4(784 + 57c)/t/i) = (A. 13) 

eq4.5 

135a(-48 + c)5 + 8(784 + 57c)(e 7 - kv) = (A.14) 

eq5.1 

2aa(784 + 57c) (-19488 + c(-3566 + 9c)) 
= 3(114 + 7c) (4(39 + 5c) (784 + 57c)5e 
-9a(26544 + c(6743 + 273c)) 7 + 2(-42 + c)(784 + 57c)k/i) (A.15) 

eq5.2 

52a«(1698 + 29c) (784 + 57c) + (114 + 7c) (396(784 + 57c)5e 

-27a(30224 + 1337c) 7 + 272(784 + 57c)/t/i) = (A. 16) 

eq5.3 

5820416 + 6c 2 (-608 + 51746 7 - 5661 7 2 - 5174/i 2 ) 
+64c(5828 + 33(496 - 72 7 ) 7 - 1617/x 2 ) + 45c 3 (386 7 + 3 7 2 - 38/i 2 ) = (A. 17) 
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eq5.4 

4(784 + 57c) ((114 + 7c)d5 - a(-188 + c)e) 
= (114 + 7c) (45(192 + 7c)5 7 - 4(784 + 57c) pv) (A. 18) 

eq7.1 

a(-3056 + U7c)k - 4(784 + 57c) (an + afx) = (A. 19) 

eq7.2 

16a(774 + c)(784 + 57c)k + 3(114 + 7c)(4(-1592 + 75c) 7 /t 
-16(784 + 57c)7/t + (a(26416 + 3c) + 85(784 + 57c))/i + 24(784 + 57c)ez/) = (A.20) 
eq7.3 

2(4696 + 3c)5k - 4(784 + 57c) (25k + e/x) 
+ (8a(784 + 57c) + a(-13328 + l\\c))v = (A.21) 

eq8.1 

15a(-13328 + c(1051 + 60c))C + 4(784 + 57c)(3a(l + c)( 

-(-42 + c)r]K) + 2(26640 + c(-4606 + 15c))kA = (A.22) 

eq8.2 

5a(220976 + 7323c)C + 4(784 + 57c)(1075C - 136^/t) 

= 32(20681 + 324c)/tA (A.23) 

eq8.3 

7(1024 + 27c)C7 + 2(2(784 + 57c)?? + (-2944 + 15c)A)/j 

= 4(784 + 57c)C7 (A.24) 

eq8.4 

(9632 + lllc)(JC + 4(784 + 57c)5( 
= 4(2(784 + 57c)t7 + 1568A - 15cA> (A.25) 
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eq9.1 

a(-74 + 73c)k + 3(114 + 7c)(3CA - 7// - 35i/) = (A.26) 

eq9.2 

3(114 + 7c)C(10(-224 + 3c)(784 + 57c)?? + (-2257920 + c(292096 + 18363c))A) 

+ (784 + 57c)(a(1404480 + c(59438 + 6729c))/t 
-6(114 + 7c)((-1120 + 69c)7/i + 1G2cSv)) = 0(A.27) 

eq9.3 

3(114 + 7c)C(50(784 + 57c)r/ + 7(16608 + 659c)A) 
+ (784 + 57c)(17a(-1966 + 7c)k - 18(114 + 7c)(13 7 /i + 145*/)) = (A.28) 

eq9.4 

- 361385472 + c(648aa(-961 + 2c) (22 + 5c) 
+4(-4239776 + 75744c - 182833255 - 1371249C 2 
-I2I888877 + 3660228/t 2 + 2133054/x 2 + 1828332z/ 2 ) 
+c(-5c(224 + 2041255 + 15309C 2 + I36O877 - 14580/t 2 - 23814// 2 - 20412z/ 2 ) 

-324(651655 + 4887( 2 + 4344 7 7 - 2(5630/t 2 + 543(7/i 2 + 6z/ 2 ))))) = (A.29) 

eq9.5 

278040870912 + c(324aa(22 + 5c) (-3502 + 29c) (784 + 57c) + 1568(358101c 
-8(-2553578 + 91416655 + 1828332C 2 + 914166?? 2 - 304722 7 7 - 761805/t 2 
-914166/x 2 )) + c(-4c(5026280 + 10017626455 + 117884403C 2 + 100176264?? 2 
-3339208877 - 83480220/t 2 - 100176264/i 2 ) - 105c 2 (11080855 + 69741C 2 
+76(-14 + 145877 2 - 48677 - 1215/t 2 - 1458/i 2 )) - 972(426343255 

+7351239C 2 + 710572(6?7 2 - 277 - 5k 2 - 6/1 2 )))) = (A.30) 
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eq!3.1 

5«(1557248 + 417216c + 4851c 2 )C + 4(784 + 57c) 
(55(-224 + 3c)C - 4(604 + \IIc)t]k) = 8(-113344 + 3c(45344 + 2079c))/tA (A.31) 
eq!3.2 

5a(314048 + 7179c)C + 2(784 + 57c)(175«C - 487^/t) 

= 3(249536 + 7853c)/tA (A.32) 

eql3.3 

20a(-320 + 3c)r] + 15(672 + c)(k + 4(784 + 57c)/tA = 8a(784 + 57c)?? (A.33) 
eq!8.1 

177840 + c(9552 - 84c + 4a 2 (-32 + c)(22 + 5c) 
+a&(22 + 5c)(114 + 7c) - (22 + 5c)(114 + 7c)e 2 ) = (A.34) 

B Analysis of the product ipipU(0). 

We shall analyze the expansion of the product ipipU^S) in the channel d 2 i(j + , L_2^> + , 
i.e. : 

#f/(o)^aV(o), l^ + (o), ^ + (o) (b.i) 

The OPE of ipip is of the form : 

+ {z - z) 2 (C^ + ■ d 2 ^ + (z) + tfW^ ■ L_ 2 ^(z) + ri + (z)) + ...} (B.2) 

The integrals which have to be considered to derive the commutation relations {ip, ip}U (0) 
are of the form (cf. [1]): 

I, = I dz\z')^ +n - 1 I dz(z) K -l +m ~ l 

( 27r ) Jc o J Co 

x (z' - z) A ~ 3 x 4>(z')4>(z)U(0) (B.3) 
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(27T) 



dz{z) A z+ m - x & dz'{z')^-i +n - 1 

C JC' 



x(z- x i(;(z)ip(z')U(0) (B.4) 



A-i+m-l 1 i it nA-f+n-1 



(2*) 



r - 2 



Co C* 2 

{cv + w + (/-^)cMl / , + -^ + (^) 



+ (/ - *) 2 (C/?^ + " d^ + (z) + ■ L_ 2 ^(z) + rrf+(z))}U(Q) (B.5) 

By the analytic continuation, one gets the relation 

h + h = h (B.6) 
which is transformed finally into the commutation relation 

oo 

+ ipi +m -rt-i +n+ i}U (0) = R(n, m) (B.7) 

1=0 



R (* ^) = - f + n - 1)(A - | + n - 2)C^ §+n+m+1 

-( a - 3 + n - 1) • (» + - + 3 ) • c/^;v • ^ i+n+m+a 

+(n + m + 4)(n + m + 3) • C/3^ + • ^ |+n+m+1 

+tf £L • (L^u i+n+m+1 + r, • fc +n+m+1 Mo) (B.8) 



Z?5 in flB.Tj) are the coefficients of the expansion : 

3 

(1 - ^) A - 3 = (!-*)! = £ DU' (B.9) 



oo 

5 



3 

Z=0 



Projection of this commutation relation on the channel in which appear the operators 
d 2 ^ + {0), L_ 2 ^ + (0), 4> + (0) requires that 

2 5 

\- n + m + 1 = — — > n + m = —2, m = — 2 — n (B.10) 

3 3 
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With this restriction on the indexes n, m, the commutation relation above takes the form: 

oo 

J2 Dl d^+n-li>-%-n+l + ^-l-n-l^ +n+l }U(0) = R(n) (B.ll) 

3 " " 

z=o 

i2(n) = i2(n, -2 - n) = {J(A - ^ + n - 1)(A - ~ + n - 2) • C • 

-( A -^+-- 1 )-c^ + -^ f 

+ 2 ■ • l£. + C^l + ■ (^ + )-f + rj • fc}C/(0) (B.12) 

To obtain particular commutation relations, for given values of n, in the explicit form, 
we need the explicit expressions for the actions of modes of ij},ip on U(0). They are of 
the following form, as it follows from the OPEs fll.9p and ( II .1 2ft : 

V>! +n *7(0) = 0, n>0 (B.13) 

il>iU(0) = -aip(0) (B.14) 

^_ l U(0) = -a^-dm (B.15) 

VL-f tf(0) = -or^ • 9>(0) - • L_ 2 ^(0) + «0(O) (B.16) 

The actions of higher modes (^_8 [/(0), etc.) are non-explicit. They are just descendant 
operators, to be dealt with, for their matrix elements, by using the commutation relations 
of the parafermionic algebra (IB.7p . (IB.8|) . and other commutation relations, in general, 
which follow from the OPEs QOJ - flL20j) . 

4>i +n U(0) = 0, n > (B.17) 

ijiU(0) = Kip{0) (B.18) 
4>_ l U(0) = K^.dm (B.19) 
^_|C/(0) = • 0V(O) + • L_ a # - m/5(0) (B.20) 

The actions of higher modes are non-explicit. 

Now, by comparing the commutation relations in (IB. 1 1 j) and the explicit actions of 



modes in (IB.13l) -( lB.20l) we find that there is just one commutation relation, corresponding 
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to n = — 1, which is going to produce an equation on the constants of the operator algebra. 
The other relations, for other values of n, will define non-explicit matrix elements, instead 
of producing equations on the operator algebra constants. 

n = —1 : 

33 333 

+ DiVUv>_a + DU_ 2 ^i)U(0) = R{-1) (B.21) 

33 333 

R(-l) is defined by flB~T2]) . 

To transform (IB.2ip into an equation on the constants we have to define, in an explicit 
form, the following matrix elements : 

List 1. 

^+ 5 t/(0), (L^ + )_,U(0), 4>+ 5 U(0) (B.22) 

3 3 3 

List 2. 

V>- 2 ^i£/(0), V-i$-§tf(0), VW-f^(O) (B.23) 

List 3. 

^_ 2 ^iC/(0), ^_iV_|«/(0) s ^-|^(0) (B.24) 

The matrix elements (1B.22|) enter into the r.h.s. of (IB. lip , into the expression for R(— 1), 
cf. f lB~T2|) . 



With some calculations one finds the expressions that follow for the matrix elements 



in the lists 1,2,3 above. 



List 1. 

?( n ) &.u+fn\ 1 „/q(2) 



^+ § C/(0) = «/?;^ • 9V + (0) + «/?;^ • L_ 2 ^ + (0) - ^+(0) (B.25) 
(L_ 2 ^ + )_ f £/(0) = aL_ 2 ^ + (0) + (A + i) • ^|^(0) + • 0V + (O) (B.26) 



In the above, (1B.26|) . ip~^^U(0) have to be replaced by its expression in (1B.25|) . In gen- 

_ 6 

eral, everything is expressed by linear combinations of the operators d 2 ip + (0), L_ 2 ^ + (0), 
z/i+(0). 

i>\U(0) = -k^ • «9V(0) - n$f m • L_ 2 ^ + (0) + c^+(0) (B.27) 
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List 2. 

^iU(0) = <X^ + ■ d 2 ^ + (0) + A/3^ + ■ L_ 2 ^(0) + C^ + (0)) 
^-iU(0) = - 2)^(0) + A/3^ + • 0fy + (O)) 

Here, 

iMKO) = A/3^ + • #V + (0) + A/3^ + • L_ 2 ^+(0) + C^ + (0) 

^oj-|gO) = ■ + KfiVj ■ - a ■ ^(0) 

In the above, 

^o^(O) = (A — 1) (A — 2) • ^(0) + 2(A - 1) ■ A/3<^ + ■ d 2 ^ + (0) + A^+(0) 

^ L^ip(0) = (2A - 2)^_ 2 ^(0) + AL_ 2 ^ + (0) 
VW(0) = C/?^ + • ^V + (0) + C/3$,*f " ^-2^ + (0) + # + (0) 

List 3. 

^-2^U(0) = -«(C/?^ + • 0V + (O) + C/?g^ + • £-2^(0) + #+(0)) 
j-i^-fgCO) = -«0( A - 2)^(0) + C/3^+ " 0V(O)) 

Here, 



^(0) = C/3^ + • flfy + (0) + c/f^ + • L- 2 ^ + (0) + t^+(0) 



In the above, 



^o^V(O) = (A - 1)(A - 2) • ^(0) + 2(A - 1) ■ ■ 9^ + (0) + C^ + (0) 

^o^-2^(0) = (2A - 2)^(0) + C£-2^ + (0) 
W(0) = v^~l + ■ <9V(0) + v p® ■ L_ 2 *p + (0) + A^+(0) 



B.28) 
B.29) 

B.30) 
B.31) 

B.32) 

B.33) 
B.34) 



B.35) 
B.36) 

B.37) 
B.38) 



B.39) 

B.40) 
B.41) 



Finally, we have to substitute the expressions for the matrix elements, in ( 1B.22j) 
(IB.41j) . into the commutation relation ( 1B.21j) . 
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The values of /3-coefficients, which appear in the above expressions, are the following: 

128 + 33C *2L = ^ (B.42) 





1 

2 ; 


o(H) 


BFl = 


1 

8 : 




3 { } ] = 


7 

8 : 




= 


1 

2 ; 




B {1) - 


7 

16' 




= 

y i>u,ip 


13 
16' 





4(784 + 57c) ' ' ^ + 784 + 57c 
5(-224 + 3c) _ (2) 350 



16(784 + 57c)' ^.V> + 784 + 57c 
7(512 + 51c) _ (2) 350 



Ax,/, ,/,+ TO A l C7« (B.44) 



16(784 + 57c)' 784 + 57c 

ll(-8 + 3c) (2) 572 



m+* = ^ ■ ^ (B.45) 



4(784 + 57c) ' V>^+ 784 + 57c 



5(16 + 21c) (2) 360 
346 + 39c) „m 402 



W,* = ^TTT^Z (B-46) 



16(784 + 57c)' ipu-w 734 + 57c 



o(_2) _ — /g 

2(784 + 57c)' H 4>u>4> 784 + 57c V ' ; 

Equation flB~2~Tj) gives in fact 3 equations on the constants. This is because everything 
is developed in 3 independent operators, d 2 ip + (0), L_ 2 ^ + (0), ^> + (0). The total coefficients 
of these 3 operators have to vanish, to have ( IB. 211) satisfied. This gives 3 equations. With 
some calculations one finds, in this way, the equations 13.1, 13.2, 13.3 of the Appendix 
A. 

One could check, using Mathematica, that all three equations get satisfied by the 
solutions 2 and by the solution 3, i.e. by the values of the constants in (12.601) - (12. 761) and 
in fl2T78D-fl2TMD. 



References 

[1] VI. S. Dotsenko, Parafermionic chiral algebra Z3 with the dimension of the prin- 
cipal parafermionic fields ip(z), ip + (z), = 8/3, Nuclear Physics B (2012), 
http://dx.doi.Org/10.1016/j.nuclphysb.2012.05.020 

[2] VI. S. Dotsenko, and R. Santachiara, Phys. Lett. B611 (2005) 189 

[3] V. A. Fateev and A. B. Zamolodchikov, Sov. Phys. JETP 62 (1985) 215 

[4] V. A. Fateev and A. B. Zamolodchikov, Theot. Math. Phys. 71 (1987) 451 



32 



